Latent budget analysis is a mixture model for the analysis of two-way tables with frequency data where interest lies in the relationship between the rows and the columns. 
INTRODUCTION
Latent budget analysis is a tool for the analysis of two-way contingency tables. The idea was initiated by Goodman (1974) . Clogg (1981) elaborated this idea to an asymmetric latent class model for the analysis of social mobility tables. Clogg used the following example: Let profession of the father be variable A, with categories indexed by i (i = 1, . . . , I); let profession of the son be variable B, with categories indexed by j (j = 1, . . . , J); let the latent social class variable be X, with categories indexed by t (t = 1, . . . , T ). Let π ij be the joint probability of profession i of the son, and profession j of the father. Let π X t be the probability that a son belongs to the t-th latent social class; πĀ X it the conditional probability that a son has a father with profession i, given that he belongs to latent social class t; and πB X jt the conditional probability that a son has profession j, given that he belongs to latent social class t.
The latent class model with T latent classes for a two-way table with probabilities p ij is
with all parameters nonnegative and restricted by In this example the explanatory variable is profession of the father, and the response variable is profession of the son. Clogg assumed that there was a mediating (latent) variable that he interpreted as social class. He assumed that this latent variable was categorical. By rescaling the parameters πĀ Goodman (1974) and Clogg (1981) noticed that it is possible to rewrite (1) into
with parameter restrictions 
Compared with Model 1, in Model 2 the probabilities that are decomposed are conditional probabilities rather than joint probabilities. That is, the conditional probability π ij /π i+ is the probability that the son has profession j given that the father has profession i. The parameters are interpreted as follows: the parameters π AX it are the probabilities that a father with profession i belongs to the t-th latent social class, and πB X jt are the probabilities that the son has profession j given that he belongs to the t-th social latent class. It may be noted that the parameters πB X jt have the same interpretation in Model 1 and Model 2.
Model 2 is illustrated graphically in Figure 1 . In the social sciences the representation in this figure is known as a MIMIC model (i.e. Multiple Indicator Multiple Cause model; Goodman, 1974) . It may be noted that the squares in Figure 1 In 1988 the authors were unaware of the fact that the idea of the LBM had been introduced much earlier by Goodman (1974) . Van der Heijden, Mooijaart, and de Leeuw (1992) The LBM with T latent budgets has (I − T )(J − T ) degrees of freedom. For T = 1 the LBM is equivalent to the independence model, because then p ij /p i+ = πB
the LBM is saturated, and estimates of expected proportions are equal to observed proportions.
The LBM is usually estimated by the method of maximum likelihood under the assumption that the frequencies are generated by a product-multinomial distribution (although we have also been working on other estimation methods, see Mooijaart, van der Heijden and van der Ark, 1999; van der Ark, 1999) . Likelihood ratio tests are used to assess the fit of the LBM against the data, and to determine the number of latent budgets (i.e., T ) needed to describe the data adequately. Clogg (1981) noted that the Model 2 is not identified. De Leeuw, van der Heijden, and Verboon (1990) also discussed the identification problem of the LBM, and worked out the situation for T = 2 in some detail. Writing Model 2 in matrix notation shows the identification problem: Collect the conditional proportions π ij /π i+ in a matrix Π, the mixing parameters π AX it in a matrix A, and the latent budget parameters πB X jt in a matrix B, then Model 2 equals Van der Ark et al. (1999) called the LBM identified for some specific choices of S. They proposed an inner extreme solution, that is choosing S such that the mixing parameters are as distinct as possible, which facilitates the interpretation in terms of the explanatory variable (e.g., the example of section 2), and outer extreme solution, that is choosing S such that the latent budgets are as distinct as possible, which facilitates the interpretation in terms of the response variable (e.g., the example in section 3).
Van der discuss various ways in which the parameters of the LBM can be constrained. They distinguish fixed value constraints (for example, some parameters are fixed to some constant), equality constraints (see for some estimation problems, Mooijaart and van der Heijden, 1992) , and situations where the parameters π
AX it
and πB X jt are functions of external information. Sometimes, these constraints can also be used as well to identify the LBM (e.g., the example in section 4). A later development was to study how latent budget analyses of different groups could be compared, termed simultaneous latent budget analysis (see Siciliano and van der Heijden, 1994 ).
The LBM is closely related to correspondence analysis, and de Leeuw and van der Heijden (1991) describe under what circumstances the LBM is equivalent to correspondence analysis (see, van der Ark and van der Heijden, 1997; van der Ark, van der Heijden and Sikkel, 1999; van der Heijden, Gilula and van der Ark, 1999) . Latent budget analysis is also used in geology, where it is known as end-member analysis (see Renner, 1993; Weltje, 1997; van der Heijden, 1994) . Many other results, in particular concerning least-squares estimates, standard errors and testing procedures, can be found in van der Ark (1999) .
In this paper we will demonstrate some of the possibilities of the LBM and its extensions by discussing some examples. Section 2 shows an example of latent budget analysis of a twoway table dealing with sentence endings of the books of Plato. In Section 3 we illustrate the possibilities of the LBM for comparing contingency tables in the context of trades started by different ethnic groups; here the city of Amsterdam will be compared with the city of Rotterdam.
In Section 4 we show the possibilities of the LBM for studying how the school success of pupils is related to explanatory variables such as IQ, sex, and the profession of the father.
THE WORKS OF PLATO
We started with a straightforward application of the LBM. The Greek philosopher Plato has written 45 books. The exact order in which these works have been written is known approximately, except for the books Critias, Philebus, Politicus, Sophist and Timaeus. The objective of this example is to show that the LBM can be used for seriation, that is, to find the chronological order in which all 45 books were written. For this purpose, we used data obtained by Kaluscha (1904) , who collected all "sentence endings" in the 45 books. Each of the last five syllables of a sentence ending is scored as being "short" or "long", so that each sentence of each book belongs to one of 2 5 = 32 categories.
The idea underlying the determination of the chronological order of the books from the distributions of sentence endings is that the style and rhythm of the texts has changed through time, and that sentence endings are considered highly relevant with regard to rhythm (Boneva, 1970) . For each book we had the frequencies of sentence endings, yielding a matrix of 45 books by 32 sentence endings. The data are in Table 1 , where the chronological order of the 40 "known" books is preserved. The 45 books are considered to be 45 budgets, each containing 32 categories. The frequencies in these 32 categories express the writing style of the particular book.
The LBM takes typical styles of writing as latent budgets, and the different books are then approximated by a mixture of these typical styles. The mixture model interpretation (see Figure 2 ) is most appropriate in this context. The data, or an aggregated version, were studied earlier by, for example, Cox and Brandwood (1959) , Atkinson (1970) and Greenacre (1984) .
Insert Table 1 are all the works with known chronological order up until Republic 10, with the exception of Laches and Cratylus. In the shaded area on the right-hand side (close to the newer writing style budget) are the works with known chronological order from Laws 2 onward. Figure 2 shows that there are clearly two distinct subgroups within the books with known chronological order: the earlier works (up until Republic), and the later works (Laws). Within these two subgroups, however, the chronological order was not clearly shown by the LBM. From the five undated books, Philebus and Politicus are mostly built up from the newer writing style budget.
Based on the sentence endings, these books are similar to the later works. The remaining book, Critias, Sophist, and Timeaus, do not belong to the later works, nor the earlier works. Their writing style is a mixture of the older writing style, and the newer writing style. This may suggest that these books were written in between.
In this example, we did not interpret the latent budgets, because we lack the knowledge of sentence endings.
ETHNIC DIFFERENCES AMONG PEOPLE START-ING A TRADE, AN EXAMPLE OF SIMULTANE-OUS LATENT BUDGET ANALYSIS
In the Netherlands, trades are registered with Chambers of Commerce. Kloosterman and van der Leun (1998) , who investigated the way ethnic groups differ in the type of trades they start, concentrated on the so-called sheltered sector, and on two large cities in the Netherlands, namely Rotterdam and Amsterdam. The data are in panel A of Table 2 . It should be noted that the absolute sizes of the ethnic groups are not reflected in the parameter estimates. For completeness absolute sizes are provided for some of the groups in panel B of Table 2 . We concentrated here on the type of trade people from ethnic groups choose when they start a trade, that is, the information provided in panel A. Another study would be to look at the relative proportions of ethnic groups that start trades at all, and then compare Amsterdam and Rotterdam. The relevant data are shown in panel B.
Insert Table 2 about here For Amsterdam the LBM with T = 1 latent budget (i.e., the independence model) has
.025 < p < .05). The fit of the LBMs with T = 3 therefore seems adequate. In terms of Figure   1 , the latent states represent three types of human capital and networks that lead to specific patterns of trade that are started. The fit indices should be interpreted with care, because many observed frequencies equal zero. We studied the parameter estimates for the solutions with T = 3, given in Table 3 . We have identified the solution by making the latent budgets as extreme as possible, that is, by making as many latent budget parameters (πB Insert Table 2 We interpreted the mixing parameter estimatesπ AX it from graphical displays similar to In Rotterdam (Figure 4b ) the graphical representation is very similar to that in Amsterdam.
The first latent budget is characterized by wholesale trade, and to some extent by catering, the second latent budget by retail trade, catering and personal services, and the third latent budget by producer services and some personal services. Again, the Dutch start trades predominantly in the third latent budget, the Ghanaians, Cape Verdeans, Turks and Moroccans are ordered between the first and second latent budget, and the Surnames and now also the Antilleans are intermediate between the Dutch and the other ethnic groups.
Insert Figure 4 about here Although there are differences between the solutions of Amsterdam and Rotterdam, the similarities are striking. Therefore, we investigated whether a more parsimonious solution, obtained by imposing equality restrictions to the parameter estimates, could describe the data. This is done in simultaneous latent budget analysis (Siciliano and van der Heijden, 1994) .
Because the Cape Verdeans did not start any trades in Amsterdam, we deleted them from the In a first analysis we imposed the latent budget parameters (πB In a second analysis we imposed equality of the mixing parameters (π are not expected to be equal, when we define the estimates of the mixing probabilities as equal.
The LBM with T = 3 latent budgets has an adequate fit of L 2 = 41.8 (df is 30, p > .05). Given the worse fit of the solution with equality restrictions on latent budget parameters, it comes as no surprise that the fit for T = 3 was not adequate if we imposed the restriction that both the mixing parameters and the latent budget parameters are equal in Amsterdam and Rotterdam:
First, we interpreted the solution with equality restrictions on the mixing parameters (π AX it ;
see Table 4a ), and next the solution with equality restrictions on the latent budget parameters (πB X jt ; see Table 4b ).
Insert Table 4 about here
In Table 4a , the first latent budget is characterized by wholesale trade, although to a larger extent for Rotterdam than for Amsterdam. In Amsterdam this is compensated by larger estimates for all other trades, except for catering. In the second latent budget retail dominates, particularly in Amsterdam (together with wholesale trade), whereas in Rotterdam catering and personal services are larger. The third latent budget is characterized by producer services, with personal services a bit larger in Amsterdam whereas retail is a bit larger in Rotterdam.
We found it difficult to interpret these small (but significant) differences between Amsterdam and Rotterdam substantively. Table 4b shows the parameter estimates for the LBM with homogeneous latent budgets.
Again, latent budget 1 is characterized by wholesale trade, latent budget 2 by retail trade, catering and restaurants, and personal services, and latent budget 3 by producer services and personal services. The mixing parameter estimates are displayed in Figure 4d . For each ethnic groups we found the Amsterdam label close to the Rotterdam label. For interpreting small distinctions we concentrated on more specific characterizations by specific budgets. The Ams-
terdam Dutch are to a larger extent characterized by latent budget 3, the Amsterdam Turks to a larger extent by latent budget 2, and the Amsterdam Antilleans by latent budget 1, whereas the Rotterdam Antilleans are characterized more by latent budget 2, the Rotterdam Surnames by latent budgets 2 and 3, the Amsterdam Ghanaians by latent budget 1, Rotterdam other migrants more by latent budget 1, and Rotterdam 'no information' more by latent budgets 1 and 3. For more information we refer to Kloosterman and van der Leun (1998) .
SOCIAL MILIEU AND SECONDARY EDUCATION: AN EXAMPLE OF CONSTRAINED LATENT BUD-GET ANALYSIS
At the age of 11-12, in the Netherlands children go from primary school to secondary school. In 1977 and 1981 data were collected from more than 37,000 children about their social milieu and aspects regarding their secondary education. Distinct variables were collected, see for a description Statistics Netherlands (1982) and Meester and de Leeuw (1983 were eliminated from the sample. Children having a father who is unemployed, or medically unfit for work were also eliminated (6, 190) . This last elimination is a more crucial one, and it should be kept in mind that our analysis does not discuss children having these characteristic.
Following these selections there remained a sample of 16,236 children. The data are given in Table 5 .
Insert Table 5 about here We analyzed the data with the LBM by coding the levels of the explanatory variables sex, social milieu, and TIC as 2 × 6 × 7 = 84 rows and the levels of the response variable level of education attained as 6 columns. Let the variable sex be A, indexed by i, let social milieu be C, indexed by k, let TIC be F , indexed by p, and, let the response variable level of education attained be B, indexed by j. Thus the LBM can be rewritten by replacing the index i in Model 2 by ikp, so that the LBM becomes
The A sensible approach to the analysis is first to determine the number of latent classes T that is needed to give an adequate description of the data. For T = 2, L 2 = 1113 (df is 328); for T = 3, L 2 = 441 (df is 243); for T = 4, L 2 = 226 (df is 160); and for T = 5, L 2 = 116 (df is 79). All the models have to be rejected at p = .05. To check whether this could be due to the specific form of our models, we studied the residuals of the least restricted LBM, that is, the LBM with T = 5. We found no intelligible patterns in the residuals, or specific outlier cells, so we assumed that the misfit of the models is due to large sample size.
Given the large sample size, we were satisfied with the description that the LBM offers with three latent budgets. Although significant, the discrepancy between the L 2 = 441 and df = 243 is not enormous, the model describes .904 of the departure from the independence model (T = 1) (i.e., .904 = (4612 − 441)/4612). Because the gain in percentage moving from the LBM with three to the LBM with four latent budgets is relatively small, we choose the LBM with three latent budgets to examine more carefully.
The latent budget parameter estimates (πB X jt ) are shown in Table 6 . In the first latent budget children go predominantly into lower vocational training (LBO) or drop out, and to a lesser extent they go into medium general education (MAVO) and (M)BO. In the second latent budget, children go predominantly into higher general education (HAVO and VWO), and in the third latent budget they go predominantly into medium and higher general education (MAVO and HAVO) and higher vocational training (MBO), but not to general, university preparatory education (VWO).
Insert Table 6 about here
For the study of the mixing parameter estimates we give plots of the estimates separately for each TIC-score p and each sex i. This gives 7 × 2 = 14 plots, shown in Figure 5 . In each plot we have set out horizontally the six levels of social milieu k, and vertically the probability of going to one of the latent budgets t. Each plot has 18 points, namely children in each of the 6 levels of social milieu can go to each of the three latent budgets; points belonging to the same latent budgets are connected, so that each plot has three lines. In Figure 5 , the first latent budget is indicated by the line with the circles, the second latent budget is indicated by the line with the squares, and the third latent budget is indicated by the line with the triangles.
We chose to display the parameters in this way for the following reasons: Firstly, if sex had no influence on the probability of going to latent budgets, then plots on the left (boys)
would be identical to plots on the right (girls). This way of displaying the parameters clearly shows the influence of sex by looking at how each pair of plots differs. Secondly, if the social milieu had no influence on the probability of going to the latent budgets, then all lines would be horizontal, and departures from this would be easily displayed.
It is clear that the probability of going to a latent budget will be strongly influenced by the TIC-score, since the levels attained not only reveal differences between different types of education (general versus vocational), but also between higher and lower types of education.
Therefore, in going from the plots at the top (TIC-score equals 1) to the bottom (TIC-score equals 7) the line with circles drops generally; this is not surprising since this line shows the probability of going to latent budget 1, which is the budget in which .658 of the children go to LBO and .160 drop out: children more often drop out or go to LBO when their TIC-score is lower.
Insert Figure 5 about here
There are many interesting aspects in these plots. For instance, in all levels of TIC, children with fathers who are medium or higher employees (5 and 6) have a much higher probability than average of going to latent budget 2, which is the budget for higher general education (HAVO, .367) and university preparatory education (VWO, .530). Their probability of going to budget 1 (drop out and LBO) is much lower. The reverse holds for children whose father is a skilled or unskilled laborer: given their TIC-score, their probability of going to budget 1 is in general the highest. On average, children whose father is a farmer (2) are more likely than average, given their TIC-score, to go to latent budget 3, where they have a high probability of following medium vocational training ((M)BO). It may be noted that the latent budget parameters, being probabilities, can be interpreted easily: they not only show tendencies in the data (for example, girls go on average less to budget 1 than boys), but also show how strong the effects are.
Van der showed how the factorial structure in the explanatory variables could be used to investigate the effects of each of the factors and their interactions. This is done by means of a multinomial logit model for the mixing parameters π
ACFX ikpt
, that is,
The design matrix X has I × K × P rows and M columns, and these M columns represent dummy variables for the main effects for factors A, C and F , for their two-way interaction effects A × C, A × F , and C × F , and their three-way interaction A × C × F . The elements γ mt are parameters for column m and latent budget t. To identify the model, γ m1 = 0. For more details, see van der Heijden et al. (1992) , who also explain the relationship between these models and loglinear models with latent variables.
We have imposed systematically all possible constraints on the mixing parameters (π
).
The most restrictive LBM has only main effects A, C, and The latent budget parameter estimates are similar to those for the unconstrained model with three latent budgets, see Table 6 . We studied the estimates by deriving averages of mixing
we obtained parameters for sex only, for social milieu only, and for TIC only. Plots of these parameter estimates are given in Figure 6 . The plot for TIC-score shows that the probability of going to latent budget 1 (mainly LBO, drop out) decreased as TIC increased, the probability of going to latent budget 2 (mainly VWO, HAVO) increased as TIC increased, and the probability of going to latent budget 3 (mainly MAVO, HAVO, MBO) increased from TIC 1 to 4, and then decreased smoothly. In the plot for social milieu the probability of going to budget 1 is low for children of farmers (2) and medium and higher employees (5,6), the probability to go to budget 2 increased rapidly for children of lower to higher employees, and the probability of going to budget 3 was above average for children of farmers and below average for children of higher employees. In the plot for sex we found that there is no difference in the probability of boys and girls going to latent budget 1. However, there was a difference in their probability of going to latent budget 2 and 3: for boys these probabilities were approximately equal, whereas girls went more often to latent budget 3 and less often to latent budget 2.
Insert Figure 6 about here Latent budget analysis offered considerable insight into these data. The MIMIC-model interpretation that we used showed with which probabilities children, given a specific background, go to specific latent budgets. These latent budgets specified the probabilities of reaching specific final levels of education. In this example, the parameters were also very easy to interpret, so that it was easy to indicate the processes that operate in the relationship between explanatory variables such as TIC, sex, and social milieu on the one hand, and secondary education on the other. The constraints allowed a simplified interpretation.
CONCLUSION
The LBM closely answered specific research questions that are interesting from a substantive point of view. For Plato's data, we assumed that there were a few typical (latent) writing styles, and each book is a mixture of these typical styles. This assumption is related directly to the parameterization of LBM. In this example the LBM was interpreted as a mixture model. In the ethnic entrepreneur example, and the secondary education example we assumed the existence of a latent variable mediating between the explanatory variable and the response variable. In both examples the interpretation of this latent variable was human capital. The LBM was interpreted as a MIMIC model statisticians. The merits of the LBM are most evident when the row variable can be interpreted as the explanatory variable and the column variable can be interpreted as the response variable.
Otherwise, a (symmetric) latent class model is more suitable.
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Place in this book
The latent budget model can be interpreted as an asymmetric latent class model for two way contingency tables.
